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*)
nov's theorem for G-spaces (a note on a paper by Antonyan)
Vries
ACT
In this note we present an English version of mo the results of
er by S.A. Antonyan. We also generalize his resu the case of
rary locally compact sigma—-compact groups. Brief concerns a
on for G-spaces of the well-known result that ev chonov space can

bedded in a cube of the same weight.

ORDS & PHRASES: G-space, equivariant embedding, ite dimensional
separable Frechet space, compact x set, linear
action

iis report will be submitted for publication else




"he aim of this note is to present a version of most of the result of
wper [1] in the English language. Briefly, it concerns a version for
ses of the well-known result that every Tychonov space of weight T

» topologically embedded in IT, the product of T copies of the unit

7al I. We shall provide full proofs for our results (in [1], only a

11 case is proven without indication of proofs of the more general

). Also, we generalize the results of [1] to arbitrary locally compact,
-compact groups (in [1], results are stated only for compact and for

ly compact second countable groups). Finally, we point out some

>tions with related results.

The letter G shall always denote a topological group. For terminology

>tation concerning G-spaces, we refer to [7].

BM 1. Let G be locally compact and sigma—compact. Then for every G-
<X,m> with X a compact Hausdorff space of weight w(X) =: T there

s an action T of G on R" such that

the cube 1' is an imvariant subset of R' under this action;

X can equivariantly be embedded in 1.

ver, there exists a linear structure on R' making R' (with its ordinary
et topology) a locally c&nvex topological vector space such that

T .
I 28 a convex subset of IRT;
. ~o, . . ~t T T & . y
the action T is linear (i.e. m : R > R <s linear for every t € G).

. We assume that X is not finite, so that T 2 NO (if necessary, replace
Xul (disjoint union) and extend the action of G to this larger space
that all points of I remain invariant). The proof consists of several
1. Let CC(G) be the space of all real-valued continuous functions on G,
ed with the compact-open topology, and define an action p of G on
by ptf(s) := f(st) for f € CC(G) and s,t € G (for p to be continuous
essential that G be locally compact; cf. [7; 2.1.4]. Then CC(G)T is
a G-space, the action of G on CC(G)T being defined coordinate-wise by
nce X can be embedded in RT, it follows from [7; 7.1.4]1 that, as a
ice, X has an equivariant embedding ¢ in the G-space CC(G)T.

Since G is locally compact, Cc(G) and hence CC(G)T are complete locally




¢ topological vector spaces. Since ¢[X] is a compact subset of this
, also the closed convex hull K of ¢[X] in CC(G)T is compact [3;
I, §4,no0. 1]. Moreover, the action of G on CC(G)T is linear and

.. . T . . T .
wuous, and this implies that K is invariant in CC(G) under the action

Resuming, we have a complete locally convex topological vector space
, a linear action of G on it, and we have a compact convex invariant
t K in which X can equivariantly be embedded.

2. This step consists in proving the following statement, which

ises essentially the main idea of [1]:

be an infinite-dimensional compact convex subset of a separable

J
ot space E. Then there exists a homeomorphism y: E >~ R 0 such that

= Ixo.

The proof consists of a straightforward application of three results
infinite dimensional topology. F%{st, by the Anderson-Kadec theorem,
exists a homeomorphismtpl:E > R 0, and, second, bnyeller's theorem
Z.Thm. 3.1], there exists a homeomorph&sm wzz K0 > I O. Now we have
ameomorghism w20w1+lw1[K0]: wlfKOJ + I 0 between the compact suggets
] and I O of the infinite dimensional separable Frechet space Rio;
ding to a theor%? of Klee [5], this homeomorphism has an extension to
eomorphism n: RO >R O, Now let Y o= nowl.

3. Our topological group G is assumed to be sigma-compact, so Cc(G) is
chet space. Now observe that we can write T = T.&O, so the index-

or the product CC(G)T may assumed to be a disjoint union of T copies

given countable set. This fixes a homeomorphism

o CC(G)T > T E

Ael A

A is a set of cardinality T and EX = CC(G) 0 for every A € A. From

description it also follows, that ¢ is linear and that ¢ is equivariant.

very A € A, let 9 CC(G)T + E, be the composition of ¢ with the

A A

ical projection onto EX' If we put KA 1= @A[K], then Kx is a compact
x invariant subset of Ekc
Note that E, is an infinite-dimensional Frechet space (a product of

A
ably many Frechet spaces) and we may assume that Kx is also infinite




sional. (If it is not, then proceed as follows: let J E;CC(G) be the

riant!) set of all constant functions on G with values in thevinpgrval
te, that J is homeomorphic with I so that, in particuéar, J is compact.
70 X henceb§x uJ 9 is compact. If
;place Kx by the closed convex hull of KAU J 0, then we obtain an

ite-dimensional compact convex subset of EA’ which is still invar-

is a compact subset of Cc(G) 0-g

under the action of G.)

It follows, that the closed lingar subspace FA of EA generated by Kx

infinite dimensional Frechet space, invariant under the action of G.
ver, since K is separabl

11.

is separable (being compact and metrizable) F

A A

Resuming, we have for every A € A an infinite-dimensional compact

x subset K, of a separable Frechet space F,. Moreover, G acts linearly

A xS

such that KA is an invariant subset of FA (the action of G on FA

urse, the action which is inherited from the action of G on Ek in which

is,

an invariant subspace). Finally, note that the composition of ¢ (from

1 of the proof) and ¢ is an equivariant embedding of X into the invarian

ct convex subset I K
Aeh A :

4. By Step}g, for every Ael there exists a homeomorphism wxz F

_ 0
"’x[Kx] = NI

of the linear G-space I F,.

Ae 80

L > RO
. The maps wA define in the obvious way a homeomorphism
~ 8 ~ T
F, > (R 0)" = R" such that ¥l 1K 1= (I Oy"Z 1%, If the linear
A Ael
ture and the action of G are carried over from AHAFX to R' via this
€

morphism ¥, then it is clear that the properties (i) through (iv) of

heorem are wvalid. g

K 1. In [1], the theorem is only proved for the case that G is compact
is a compact metric space. In that case, one needs only step 1 and

2 of the above proof (the case that X is finite is dealt with in a
rent way). Notice, that in [1] the embedding of X into a compact

X invariant set of a linear Frechet G-space (i.e. step 1 of the proof)
tained in a different way, as follows: since G is compact (!), there

s an invariant metric d on X. Let CU(X) be the space of all continuous
ions on X endowed with the topology of uniform convergence, and define
tion 0 of G on Cu(X) by otf(x) = f(ﬂt_lx) for f ¢ Cu(X), t e G,

. Then Cu(X) is a separable Frechet space (for separability, use the




-Weierstrass theorem), o is a linear action of G on Cu(X) and, finally,
equivariantly be embedded in Cu(X) by means of the mapping x = d(x,.):
1(X) (that this mapping is equivariant follows from invariance of the

> d).

n [1], the above theorem (or rather, the stronger theorem 2 below) is

1 without any proof for the case that G is locally compact and second
ible.

- the case T = NO the above theorem, as far as properties (i) and (ii)
mcerned (so without the statements about the linear strucuture) follow
7 from [9]. In that case, no assumptions about G need to be made. For
ited result, see [2; VI. Cor. 7.1]. Compare also with [6; 3.6]

111y, Theorem 1 above is stronger than this result in [6] in that G is

:d to be only sigma-compact instead of second countable).

sorem 1, the linear structure and the action of G in R' depend on the
G-space <X,m>. The following "universal' result generalises theorems
id 5 in [1] where only second countable locally compact groups or

:t groups are considered.

M 2. Let G be locally compact and sigma-compact. Then for every infinite
wal number v 2= w(G), the weight of G, there exists an action T of G on
:h that |

-he cube 1' <s an invariant subset of R' under this action;

wery G-space <X,m> with X a Tychonov space of weight w(X) < T can
quivariantly be embedded in 1'.

rer, there exists a linear structure on R' such that R' is a locally

: topological vector space and properties (iii) and (Zv) of theorem 1
1lid.

. Every G-space <X,m> with X a Tychonov space of weight w(X) < T can

iriantly be embedded in <CC(G)T,p> (compare with step 1 of the proof

rorem l; for the embedding, compactness of X need not be assumed). By
:he G-space <CC(G)T,p> can equivariantly be embedded in a G-space

4 * ., .
>, where X 1is a compact Hansdorff space of weight

w(X") < max {L(G),W(CC(G)T)}.




L@G) = &0

*
theorem 1 to <X ,m >. [J

and w(Cc(G)T) = 1 w(G) = 1, it follows that w(X*) = 1. Now

{. Certain restriction on the group in theorem 2 seem inevitable.
>llowing example arose in a discussion with Jan van Mill.

-et G be the full homeomorphism group of Q, endowed with the discrete
>gy, and let G act on Q in the obvious way. Suppose that Q could be
ariantly embedded in a compact subset of R' with T = NO = w(Q) and
he action of G on Q could be extended to an action of G on R °. Then

. N e e .
losure X of Q in R 0 would be a compactification of Q such that-every

norphism of Q extends to a homeomorphism of X. By [4], this would
that X = BQ, a contradiction (BQ cannot be homeomorphic with a subset

> metrizable space R.O).
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